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1 Introduction 



In recent development of string duality, the mathematical properties of the 
underlying manifold, on which theories are compactified, are playing signif- 
icant role H, H, [|, ||, H 0' H H' H3- m this paper, Calabi-Yau manifolds 



and their mirrors are constructed using the method developed by Borcea 



and Voisin JL1], [12| . Gross and Wilson [|T3|] showed that Calabi-Yau 3-fold 
by Borcea- Voisin method is a special Lagrangian three tori fibered when 
Pic(K3) = U by using degenerate Calabi-Yau metrics. The special La- 
grangian fibration also exist on one family of Borcea- Voisin three fold with 
respect to non-degenarate Calabi-Yau metrics p^| . From Borcea- Voisin 3- 



fold or 4-fold examples, it may be possible to probe the S-duality of Seiberg 



-Witten[0[| by using compact manifolds. 

In the next section, we give the list of some mirror pairs of K3 as the reflex- 
ive pyramids. In section 3, we give the list of the mirror pairs of Calabi-Yau 
3-folds constructed by Borcea- Voisin method in weighted projective mani- 
folds. In section 4, we give the list of the mirror pairs of Calabi-Yau 4-folds 
constructed by Borcea- Voisin method. Section 5, is devoted to Discussions. 
In Appendix A, we review Borcea- Voisin method by using some polynomi- 
als of Calabi-Yau manifolds. In Appendix B, we show a way of the mirror 
check of Calabi-Yau 4-folds. In Appendix C, we examine properties of two 
dual polyhedrons of Calabi-Yau 3-fold and Calabi-Yau 4-fold constructed by 
Borcea- Voisin. Especially, we present a dual polyhedron and polyhedron of 
Calabi-Yau 3-fold with Pic(K3)=U case. 



1 It has been pointed out that T-duality on the special tori causes local mirror 
transformation Jl5[ , which may relate the S-duality of Seiberg- Witten. 
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2 K3 surface 



We start by looking at a definition of K3 surface fll7 |. A K3 surface is de- 
fined as a compact manifold of complex dimension two with trivial canonical 
bundle such that h 0,1 (K3) = 0. h p,q (K3) denote the Hodge number of a K3 
surface. 

For this paper, we will consider algebraic K3 surfaces defined by a set of 
algebraic equations in a iV dimensional complex (weighted) projective space, 
CIP . The reason why we consider them is that weighted projective space 
is easy to describe torically. Such surfaces have been classified by Reid and 



Yonemura [18]. The equations of K3 surface which we will discuss are given 



by table 1. The numbers in parenthesis in the second column denote weights 



surface 


K3 or K3* 


Equation of K3 


(1) 


CP 3 (6,4, 1,1)[12] 


w 2 = s z + t 12 + u 12 


(1)* 


CP a (33,22,6,5)[66] 


W 2 = s 3 + t u + tu 12 


(2), (2)*, (3) 


CP a (21,14,6,l)[42] 


W 2 = s 3 + t 7 + M 42 


(3)* 


CP a (18, 12,5,1)[36] 


w 2 = s 3 + t 7 U + u 36 


(4) 


CP a (5,2,2,l)[10] 


W 2 = s 5 + t 5 + u 10 


(4)* 


CP a (20,8,7,5)[40] 


w 2 = s 5 + t 5 U + u 8 


(5) 


CP 3 (10,5,4, 1)[20] 


w 2 = s * + t 5 + u 20 


(5)* 


CP 3 (15,7,6,2)[30] 


w 2 = s A u + t 5 + u 15 


(6), (6)* 


CP 3 (15, 10, 3, 2) [24] 


W 2 = s 3 + t 15 + u 10 


(7) 


CP a (12,8,3, 1)[30] 


W 2 = s 3 + t 8 + u 24 


(7)* 


CP 3 (21, 14, 5, 2) [42] 


w 2 = s 3 + t 8 u + u 21 


(8), (9) 


CP 3 (9,6,2,1)[18] 


W 2 = s 3 + t 9 + u 18 


(8)* 


CP 3 (18,11,4,3)[36] 


w 2 = S 3 U + t 9 + u 12 


(9)* 


CP 3 (24,16,5,3)[48] 


w 2 = s 3 + t 9 u + u 16 



Table 1: Equation of K3 surfaces 

of K3 surfaces. 
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The superscript * denotes the mirror [] of the corresponding K3 surface. 
We construct Calabi-Yau 3- and 4-fold, using the method of Borcea and 
Voisin [TT, [T^J. These manifolds have some nice properties. One of them is 
that some fibers of mirror pairs are known. Borcea used these K3 surfaces 
which allow involution to construct Calabi-Yau 3-folds (the way of involution 
a is reviewed in Appendix A ). The K3 and K3* surfaces in table 1 satisfy 



surface 


Pic(K3) 


P 


(r,a,5) 


quoti. — sing. 


(1) 


U 


2 


(2,0,0) 


A 1 


(1)* 


U®E'( 


18 


(18,0,0) 


A 1 + A 2 + A A + A w 


(2), (2)*, (3) 


U®E 8 


10 


(10,0,0) 


A x + A 2 + A 6 


(3)* 


U®E 8 


10 


(10,0,0) 


A A + A 5 


(4) 


U(2) © D A 


6 


(6,4,0) 




(4)* 


E 8 © T 2i5 ,5 


18 


(14,4,0) 


A 3 + 2A 4 + A 6 


(5) 


^2,5,5 


10 


(6,4,0) 


A x + 2Ai 


(5)* 


£> 4 © A* © U 


14 


(14,4,0) 


5 Ax + A 2 + A 6 


(6), (6)* 


D A ®E & ®U 


12 


(10,4,0) 


3Ax + 2A 2 + A A 


(7) 


U®E 6 


8 


(6,2,0) 


2A 2 + A 3 


(7)* 


E 8 ®D A ®U 


14 


(14,2,0) 


3Ax + A A + A 6 


(8), (9) 


U ®D 4 


6 


(6,2,0) 


3Ax + A 2 


(8)* 


E 6 ®E 8 ®U 


16 


(14,2,0) 


Ax + 2A 2 + A 10 


(9)* 


E 6 ®E 8 ®U 


16 


(14,2,0) 


2A 2 + A 4 + A 7 



Table 2: K3 surface and Picard lattice, 
the "reflexive pyramid" property. This is a sufficient condition for a pair of 



Calabi-Yau 3-folds constructed by Borcea method to be a mirror pair [III 
This condition is stronger than that of K3 and K3* being a mirror pair. 

The properties of our K3 surface are summed in table 2. The second 
column is the Picard lattice and the third column is rank of Pic(K3) denoted 

2 There are some definitions of mirror symmetry for K3 casejl^, |2(], The relation 
between them and the extension of weight duality on K3 case are given in ref . |2^| . Their 
physical applications were discussed in [f23f . 



3A 



We used the results of |25| for Picard lattice and p 



3 



by p. Note that all K3 surfaces in table 2 are all elliptic fibered P5 |. The 
fourth column is the lattice invariants (r,a,5). Nikulin used these lattice 
invariant to characterize the fixed part L a of o on the K3 lattice, up to the 
lattice isomorphism |24|. H z( J ^ 3 ) = L = U 3 ® (~E 8 ) 2 . a is defined as 
(L r7 )*/L a ~ (Z/2Z) a . (L a )* is the dual of L a , namely (L CT )*= Horn Z). 
r = rank(L a ). 5 denotes the genus of the lattice, that is, 5 = if (x*) 2 G Z for 
any x* G (L' 7 )*, otherwise 5 = 1. The fifth column is the quotient singularity 

B 
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surface 


(CP 1 base, K3 fiber) 


CY 3 


h 1 ' 1 , h 1 * 


X 


(2) 


(CP^l, l),CP a (21, 14,6, 1)[42]) 


CP 4 (21,21,2(14,6,1))[84] 


35, 35 





(4) 


(CP 1 (l,2),CP d (5,2,2,l)[10]) 


CP 4 (5,10,3(2,2, 1))[30] 


15, 39 


-48 


(4 *) 


(CP i (l,2),CP 3 (20,8,7,5)[40]) 


CP 4 (20,40,3(8,7, 5))[120] 


39, 15 


48 


(6) 


(CP^l, 1), CP a (15, 10, 3, 2)[30]) 


CP 4 (15,15,2(10,3,2))[60] 


27, 27 






Table 3: Calabi-Yau 3-fold 1. 

3 Calabi-Yau 3-fold 

3.1 K3 fibered Calabi-Yau 3-fold 

Let us now consider Calabi-Yau manifolds with base, CP 1 =CP 1 (l,k) Q and 
fiber, K3 = CP 3 (wi, u 2 , U3, u^)[d] |50]. They are represented as hypersurface 
in weighted projective 4-space, CP 4 , 

CY 3 = CP 4 ( Ml , k Ul , (k + l)u 2 , (k + 1)« 3 , (k + l)u 4 ))[(k + l)d], (1) 

where d = Z)»=i u %- 

There are some mirror pairs of Calabi-Yau 3-folds, which have mirror 
pair of K3 surfaces as fiber. See, for instance, the self-mirror Calabi-Yau 
3-folds (2), (6) in table 5 []. These manifolds have self-mirror K3 surfaces 
CP 3 (21, 14, 6, 1)[42] and CP 3 (15, 10, 3, 2) [30] as K3 fiber. Another example 
of a mirror pair is (4) and (4)*, which can be obtained by Borcea-Voisin 
method^. 

The word "self-mirror manifold" contains a deformed manifold from the 
strict self-mirror one whose faces are lattice equivalent to vertices. Therefore, 

4 The equivalence for type IIA string on CY3 with k > 2 dual to Heterotic string 
on K3 x T 2 is not clear yet. However, some extension of the duality to k > 2 and 
ui = 1 may be possible. For example, CY 3 = CP 4 (l,fc, (k + 1)(1, 4, 6))[12(fc + 1)] with 
K3 = CP 3 (1, 1,4, 6) [12] fiber relate to the terminal A-chain with shrinking Eg instantons 
pq| by exchanging of base under the elliptic fibration, that is, Fo blown-up and F2 blown- 
up [E7|. They are the same manifolds with double K3 fibrations. 

5 These Calabi-Yau 3-folds were already investigated and listed in p9[ . 

6 A11 Calabi-Yau 3-folds given in ref. |3(| are smooth. However, by picking up appro- 
priate terms, we obtain Calabi-Yau 3-fold which we are treating. 
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in case (2) and case (6), their faces are not lattice equivalent to vertices. 



3.2 Borcea-Voisin construction 

We use the K3 surfaces listed in table 2. In the above equation, (—1) denotes 
involution acting on T 2 and o on K3 surface. For K3 surface, the involution 
changes the sign of one of the coordinates describing the torus in elliptic 
fiber. 

CY 3 = ££H, CY; = ™. (2) 
(-1) x cr ° (-1) x a 

For the details of this construction, see ref. [JTTJ] and appendix AQ. Because of 
the condition gcd(iio,t>o) = 1 (see appendix A), we obtain only three mirror 
pairs as the hypersurfaces in CP 4 with weight representations. The results 
of the construction of mirror pairs of Calabi-Yau 3-folds are given by table 4. 
However, it is possible to obtain other mirror pairs of Calabi-Yau 3-folds by 
using all K3 surfaces in table 1 and their toric data. This is because one side 
of Calabi-Yau 3-folds can be represented by the hypersurface representation 
in terms of weight by using either T 2 =CP 2 (1,1,2)[4] or T 2 =CP 2 (1,2,3)[6] 
at least. For example, toric data of a Calabi-Yau 3-fold contructed from 
K3=CP 3 (1,1,4,6)[12] with Pic(K3)=U in case (1) of table 1 can be obtained 
( in Appendix C ). This is the case with special three tori fibered E 



surfaces 


T 2 fiber 


K3 fiber 


CY 3 


(2) 


CP*(2,1,1)[4] 


CP a (l,6,14,21)[42] 


CP 4 (21,21,28, 12, 2) [84] 


(4) 


CP a (3,2,l)[6] 


CP a (5,2,2, 1)[10] 


CP 4 (5,10,6,6,3)[30] 


(4 *) 


CP*(3,2,1)[6] 


CP a (20,8,7, 5) [40] 


CP 4 (20,40,24,21,15)[120] 


(6) 


CP a (2,l,l)[4] 


CP a (15, 10,3,2)[30] 


CP 4 (15,15,20,6,4)[60] 



Table 4: Calabi-Yau 3-fold 2. 

Equations of these manifolds are listed in table 5. The Hodge numbers given 

7 In ref. |n], |3^| , Calabi-Yau manifolds are constructed by the extended way of the 
Borcea method using K3 surfaces listed in pq]. 
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surface 


Equation of CY 3 


ft 1 ' 1 , A 1 ' 2 


X 


quoti. sing. 


(2) 


X 4 + y 4 = s 3 + f + U 42 


35, 35 





AA 2 + 4A 6 + A x 


(4) 


X A + = S b + t 5 + M 1U 


15, 39 


-48 


5A 2 + 5Ax + 3A A 


(4*) 


x 3 + = s 5 + t 5 U + u 8 


39, 15 


48 


3A 2 + A x + A 6 


(6) 


X 4 + y 4 = s 3 + t 15 + U 10 


27, 27 





Ax + AA 2 + 4A 4 



Table 5: Equation of CY3 



by |TT| is represented by r, / or g, whose values coincide with the calculation 
using the adjunction formula, 

ft^CYs) = 1 + r + 4/, ft 1 ' 2 (CY 3 ) = 1 + (20 - r) + 4g, (3) 

where, 

/ = ( r - a)/2 + 1 and g = (20 - r - a)/2 + 1. (4) 

By mirror transformation, the values of r become 20 — r and the values of / 
and g are exchanged. 

In Calabi-Yau 3-folds constructed by Borcea-Voisin, there are two or four 
fixed points generated by the involution on T 2 or on Si [[3], |I3"| . Si denotes 
one-dimensional sphere. If Calabi-Yau 3-folds have the elliptic fibration due 
to the one side of T 2 part of the direct product only, then the singularities of 
elliptic fiber are SO(8)* for Calabi-Yau 3-fold or SO(8) 9 for Calabi-Yau 3- 
fold* in addition to SU (3) [§, ^3f. We conclude that though the singularity of 



the elliptic fibration of K3 fiber might appear due to the quotient singularity 
of Calabi-Yau 3-folds or due to the tensor multiplets when base under K3 
fibration being large 0, they will not appear as the singularity of the elliptic 
fibration of Calabi-Yau 3-fold. 



8 The number of the tensor multiplets in D=6 and N=l are given by r — 2 ( or 20 — r — 2) 
for Calabi-Yau 3-fold ( or the mirror of Calabi-Yau 3-fold) || when T 2 fiber from the direct 
product part of T 2 is used in the compactification. They lead to the same numbers of the 
U(l) vector multiplets for D=4 and N=2 case from type IIA side, which might enhance. 
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(We examine the possibility of existing a elliptic fibration coming from 
K3 fiber side in the Appendix C. ) f\. 



9 If Calabi-Yau 3-fold by Borcea-Voisin is double K3 fibered, then case (4) may relate to 
the Heterotic and type IIA string duality in C-chain whose gauge symmetries is U(l) 2 x D$ 
with H 1 ' 1 = 15 and H 1 ' 2 = 39 §§]. 
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4 Calabi-Yau 4- fold 

In this section, we consider three types of Calabi-Yau 4-folds. 

The first basic examples are composed with two K3 surfaces with involution 
given by plj. 

CTl = Hxia raw 

o x u a x a' 

The involution a acts on K3 and a' on K3*. Note that the condition 
gcd(M ,fo) = 1 restricts the choice of K3 pairs. Table 6 contains all mir- 
ror pairs with weight representations constructed from K3 surfaces listed in 
table 2. We can prove that these pairs are mirror by using their polyhedra 
derived from the weight representation in Appendix B. 



surface 


K3 fiber 


K3 fiber 


CY 4 


(1) 


CP ;i (5,2,2, 1)[10] 


CP d (6,4,l,l)[12] 


CP 5 (20,5,5, 12,12,6)[60] 


(1)* 


CP :i (20,8,7,5)[40] 


CP a (33,22,6,5)[66] 


CP 5 (440, 120, 100, 264, 231, 165) [1320] 


(2) 


CP a (5,2,2, 1)[10] 


CP a (21,14,6,l)[42] 


CP 5 (70,30,5,42,42,21)[210] 


(2)*, (3) 


CP ;i (20,8,7,5)[40] 


CP a (21,14,6,l)[42] 


CP 5 (280, 120, 20, 168, 147, 105) [840] 


(3)* 


CP a (5,2,2, 1)[10] 


CP a (18, 12,5, 1)[36] 


CP 5 (60,25,5,36,36,18)[180] 


(7) 


CP ;i (5,2,2,l)[10] 


CP a (12,8,3,l)[24] 


CP 5 (40,15,5,24,24,12)[180] 


(7)* 


CP a (20,8,7,5)[40] 


CP a (21,14,5,2)[42] 


CP S (280, 100, 40, 168, 147, 105) [840] 


(8)* 


CP ;i (5,2,2, 1)[10] 


CP a (18, 11, 4, 3) [36] 


CP 5 (55,20,15,36,36,18)[180] 


(8), (9) 


CP a (20,8,7,5)[40] 


CP 3 (9,6,2,1)[18] 


CP 5 (120, 40, 20, 72, 63, 45) [360] 


(9)* 


CP ;i (5,2,2, 1)[10] 


CP a (24,16,5,3)[48] 


CP 5 (80, 25, 15, 48, 48, 24) [240] 



Table 6: Calabi-Yau 4- fold 
The Hodge numbers of Calabi-Yau 4-folds given by [|11|] are 

fci.i= ri + r2 + / 1 / 2; 

^3,1= (20-n) + (20-r 2 )+^ 2 , 

h 2 ' 1 = hg 2 + f 2 gi, 

h 2 ' 2 = 2[102 + (r a - 10) ■ (r 2 - 10) + hf 2 + gi g 2 ), 
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(6) 

where fa and ^ are given by eq. (13). The suffix % specifies K3 or K3* in 
eq.(14). The Euler number of Calabi-Yau 4-fold is 

X = 4 + 2(/i 1 - 1 + h 1 ' 3 ) + h 2 ' 2 -Ah 1 ' 2 . (7) 

Equations and the Euler number are given by table 7. 



surface 


Equation of CY 4 


/i 1 - 1 


h 2 * 1 


h 3 * 1 


ti 2 > 2 


X 


(1) 


y 3 + z 12 + w 12 + s 5 + t 5 + u w = 


12 


32 


92 


396 


480 


(1)* 


y 3 + z 11 + zw 12 + s 5 + t 5 u + u s = 


92 


32 


12 


396 


480 


(2) 


y 3 + z 7 + w A2 + s 5 + t 5 + u w = 


28 


48 


60 


300 


464 


(2)*, (3) 


y 3 + z 7 + w i2 + s 5 + t b u + m 8 = 


60 


48 


28 


300 


464 


(3)* 


y 3 + 2 7 w + w 3ti + s 5 + t 5 + u w = 


28 


48 


60 


300 


464 


(7) 


+ + u> 24 + s 5 + t 5 + u U) = 


14 


44 


102 


420 


480 


(7)* 


t/ 3 + Z S W + W 21 + S 5 + t 5 M + M 8 = 


102 


44 


14 


420 


480 


(8)* 


y 3 w + z 9 + w 12 + s 5 + t b + u U) = 


34 


48 


38 


236 


192 


(8), (9) 


?/ 3 + + W 18 + S 5 + t b U + M 8 = 


38 


48 


34 


236 


192 


(9)* 


y 3 + z 9 w + w w + s 5 + t 5 + u w = 


34 


48 


38 


236 


192 



Table 7: Equation of CY 4 



When both K3 surfaces are elliptically fibered, the dual theory of F- 
theory compactified on Calabi-Yau 4-fold will be type I' theory compactified 
on T 2 x K3/Z 2 . The enhanced gauge symmetries will be the related to the 
singular elliptic fibers or the quotient singularities of a Calabi-Yau 4-fold 
relating to K3 singularities. 



The second type, 



CY - T2 X CY (8) 
CYa ~ (-l)xa' (8) 
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can be obtained from Borcea-Voisin method (here, Calabi-Yau 3-fold has an 



involution) (11], [31], |32|] . We can construct the following example. By using 
CY 3 =CIP 4 (1,42,258,602,903)[1806] and T 2 =CP 2 (1,1,2)[4], we obtain 
CY 4 =CIP 5 (2,84,516,903,903, 1204) [3612] 0. Hodge numbers are 

h 1 ' 1 = /i 3 ' 1 = 500, h 1 ' 2 = and x = 6048. (9) 

In this case, Calabi-Yau 3-fold is K3 fibered Weierstrass type one such 
as Calabi-Yau 3- fold and K3 fiber have the same T 2 fiber. K3 fiber is 
CIP 3 (1,6,14,21)[42] with E$ type elliptic singularity. It may be self-mirror 
though their faces and vertices are not SL(5,Z) equivalent 0. It nas h 1 ' 1 = 
h 2,1 = 251 and k = 42 in eq.(l). CY 3-fold satisfies the condition of being 
reflexsive pyramid which is extended to the higher dimensions, k = 42 is the 
only case when (k + 1)903 is coprime with 2 or 3 among k = {2, 3, 7, 41, 42} 
in the list of 13T 



For the third type, the manifold may be obtained by the extending 
Borcea-Voisin method , 

rj2 x T 2 xK3 

CY < = Tif^f ■ < 10 > 

Holonomy group of covering space of this manifold is SU(2). It would be 
interesting to consider the application of this manifold to verify string duality. 



10 It is also in the list of Calabi-Yau 4-fold [||. 

11 For self-mirror families, vertices and faces are not SL(5,Z) equivalent and they are 
only GL(5,Z) equivalent. This condition may be a necessary one for self-mirror cases. 
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5 Discussion 



Many Calabi-Yau manifolds were constructed by Borcea-Voisin method. Fur- 
thermore, many mirror pairs are possible without weight representations in 
addition to our list with weight representations^- 

These manifolds have some nice properties. For example, in Calabi-Yau 
3-fold case : 

1) Mirror pair can be constructed easily, 

2) Mirror pair manifolds have the same T 2 fiber, 

3) K3 fibers of mirror pair manifolds have the same base T 2 /(— 1), 

4) The number of the rational curves are known. Therefore, the superpo- 
tentials are obtained in the exact forms [|1^] in Type IIA and Type IIB side. 
The correspondence of type IIA and type IIB is apparent. 

It should be possible to use these CY4-folds to see the relation between 
F-theory on Calbi-Yau 4-folds and type I' theory on Calbi-Yau 3-folds or 
T 2 x K3/Z 2 . For example, Sen used Calabi-Yau 3-folds constructed by 
Borcea-Voisin method, (CY 3 = (T 2 ,F m ), m = 0, 1, 4) and showed the rela- 
tion among F-theory compactified on Calabi-Yau 3-fold and type I' theory 
on K3 surface. 

Studying the duality of supersymmetric field theory with brane will re- 
quire the clarification of a relation among T-duality, mirror symmetry and 



Fourier-Mukai transformation pi [L5L 41, H2l. The manifolds constructed in 



the present paper will be applied to investigate this relation in future work. 



12 The reason why we made mirror pairs of Calabi-Yau manifolds with weight represen- 
tations is that we wanted to examine their properties torically. 
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Appendix 
A Borcea-Voisin method 

We start with the manifolds with weights, u = (uo, u±, ••, u n ) and v = 
(vo,vi, •■,v m ), where, uq = £™ =1 Wi and vo = YI^ =x Vi. We assume the following 
form to the equations which describes these manifolds, 

x l = f( x u ■ ■ ■ , x n ) and y\ = f(y 1: y 2 , . . . , y m ). (11) 

Then the Calabi-Yau hypersurfaces Xjv) and Y^f> of degree 2u and 2v , 
respectively are defined, 

CF(«) = CP(m , u 1 ,..., u n ) and C¥{v) = CP(u , v u ..., v m ). (12) 

Furthermore, assume that gcd(-u ,t> ) = 1 to obtain the rational map 

CP(u) x CP(v) = CTP(v ui, . . . , v u n , u vi, . . . , u v m ), (13) 

defined by 

(xq, . . . x n ) x (y , . . . y m ) — > (xxt/g 1 ^ °, . . . , x n y "^ °, y\X^ °, . . . , y m a; m ^ °) 

(14) 

where all the fractional powers use the same determination for t/g^ and Xg^ 
respectively. This is a Calabi-Yau hypersurface X]^_ v m of total degree IuqVq. 
We used two types of tori for the construction of CY 3 , 

CP 2 (1,1,2)[4] : y\ = y\ + y\, (15) 

and 

CP 2 (1,2,3)[6] : yl = yl + yt. (16) 
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B The mirror check of Calabi-Yau 4-folds 



Here, we will show a simple way to check mirror using a following pair of 
Calabi-Yau 4-folds. We will use (2) and (2)* in the table 8 as an example. 
All of their weight are not equal one. 

(2) CIP 5 (70,30,5,42,42,21)[210] (2)* CP 5 (280, 120, 20, 168, 147, 105) [840]. 
The coordinate transformation of the polyhedra [f2~Tl in the lattice is as fol- 
lows : 

Oi,- ••,£(;) G Z 6 -> (mi,---,m 5 ) G Z 5 . 

For case (2), the basic equation which they must satisfy is 

5(14xi + 6x 2 + x 3 ) + 21(2x 4 + 2x 5 + x 6 ) 

= 5 x (-21m 3 ) + 21 x 5m 3 = 0. (17) 

A solution is given by 

X\ = mi, X2 = TU2, X3 = — 14mi — 6m2 — 21m3 , 
X4 = m^, £5 = W5, Xq = 5m 3 — 2m 4 — 2m 5 , Vxj > —1. (18) 

Some similar deformations are possible for (2)*, 

X\ = mi, X2 = ni2, £3 = — 14mi — 6m 2 — 21m 3 , Vxj > —1 
x 4 = 6m 3 — 7m 4 + 2m 5 , x 5 = — 4m 3 + 8m 4 — 3m 5 , x 6 = m 5 , . (19) 

This comes from the relation between weights and degrees. 

Using a program of analyzing polytopes and polyhedra, the faces and the 
vertices of polyhedra are obtained. For example, the faces of (2) and the 
vertices of (2)* are given by 



fl = 


(14,6,21,0,0), 


Vi = 


(-1, 


-1,- 


1,-1,-1) 


f2 = 


(-1,0,0,0,0), 


v 2 = 


(2,- 


-1,-1 


-1,-1), 


h = 


(0,-1,0,0,0), 


v 3 = 


(-1, 


6,-1 


-1,-1), 


h = 


(0,0,0,-1,0), 


= 


(-1, 


-1,1 


1,0), 


h = 


(0,0,0,0,-1), 


V5 = 


(-1, 


-1,1 


0,-1), 


h = 


(0,0,-5,2,2), 


V6 = 


(-1, 


-1,1. 


3,7). 



We owe this way to Mohri. 
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They are lattice isomorphic, i.e., 3 A e SL(5, Z), Af\ = V{ 
for % — 1 • • • 6. 



A = 



/ -2, 1, 1, 1, 1 \ 
1,-6, 1, 1, 1 
1, 1,-1,-1,-1 
1, 1,-1,-1, 

V i, 1,-1, 0, 1 J 



Thus, (2) and (2)* are a mirror pair. 



16 



C Dual Polyhedra of Calabi-Yau 3-fold in 
Borcea-Voison construction 



There are some works about singularities in algebraic manifolds including K3 
surfaces |33|, |4], |35], |36|, [37|, [38| . It is difficult to know all elliptic fibrations 



and all degeneration which Calabi-Yau manifolds have even if they are K3 
surfaces. Some ways of obtaining them in terms of toric varieties are proposed 
2(| 0. They use a dual polyhedron of Calabi-Yau manifolds to find 



fibrations and their singularities. For example, in finding singularities, top 
points and the bottom points in the edge of the dual polyhedron of K3 denote 
the extended Dynkin diagrams of the singularities. Their method is simple 
and visible. However, there are some ambiguities because they have the 
lattice equivalence and some vanishing points. Therefore, we think that the 
sufficient condition to identify the final step corresponding to the boundary of 
Kahler cone may be useful in using their method. The boundary of the Kahler 
cone is where we can find all elliptic fiberations and their degenerations which 
Calabi-Yau manifolds have. It corresponds to the most smooth Calabi-Yau 
manifold. Vinberg gave an algorism to obtain the boundary of the Kahler 
cones of K3. He derived the sufficient condition to identify the last stage 
of the algorism for the signature (l,n) case of the Picard lattice [[391 . If we 
can translate this condition in terms of dual polyhedron, we can apply this 
condition to the method of refs in |26|, for these cases. From Picard 
lattice, it may be possible to obtain the boundary of the Kahler cone by the 
following method [3 The dual graph of Kahler cone ( secondary polytope ) is 

14 For K3 cases, Belcastro gave some more improved ways of calculating Pic (K3), 
finding elliptic fibrations [ p5| . Her ways are composite ones of using toric varieties and 
some theorems of algebraic geometry. Her way to calculate the intersection number of 
two curves is to look at the graph associated to the incidence matrix associated to the 
desingularization of the polytope. If the vertices representing the curve have an edge 
between them, then thier intersection multiplicity is the multiplicity of the edge (otherwise 
0). She gave the list of Pic (K3) and the elliptic fibers for 95 K3 surfaces and types of 
generations p5| . 

15 Kahler cone can be obtained as the fundamental region of the Weyl transformation 
of the Picard lattice for K3 case. 
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obtained by the triangulation of dual polyhedra Q. After choosing the case 
which has the most triangulations which corresponds to the most smooth 
K3, we can identify it as the dual of the boundary of the Kahler cone. If 
we can get the dual graph of the secondary polytope then we will be able to 
see the boundary of the Kahler cone constructed by CP 1 . If we can make 
the Gram matrix whose element is represented by the intersection number of 
each CP 1 in the boundary of the Kahler cone then it contains all the elliptic 
curves which are resoluted and forming the extended Dynkin diagrams []]. 

We applied the methods of the references of to investigate fibers 

in Calabi-Yau 3- folds in table 5. Their method is summarized as below. We 
will follow the notation of the ref. of p6f . The upper preffix in V denotes 



the dimension of the lattice of the polyhedron or dual polyhedron. 
{(xi, x 2 , x 3 , x 4 )} G 4 V form integral points in the four-dimensional dual poly- 
hedron of Calabi-Yau 3-fold up to the points in codimension one face. 
{(xi,x 2 )} G 2 V C 4 V represent the integral points in the dual polyhedron of 
a base under the elliptic fibration of Calabi-Yau 3-folds. 
{(x2, X3, X4)} | Xl= oG 3 V C 4 V denote the integral points in the three- 
dimensional dual polyhedron of K3 fiber of Calabi-Yau 3-fold. 
{(X3, £4)} \ Xi=X2= qE 2 V C 4 V form the integral points in the two-dimensional 
dual polyhedron of a common elliptic fiber in Calabi-Yau 3-folds and in 
K3fiber. We confirmed that most Calabi-Yau 3-folds and Calabi-Yau 4-folds 
in table 8 have the dual polyhedrons of K3 and of elliptic curve which satisfy 
the above conditions. More precisely, for case (2), the dual polyhedron con- 
tains two dual sub-polyhedra of T 2 and a dual polyhedron of K3 satisfying the 
above conditions. They are CP 2 (1,1,2)[4] and CP 2 (1,2,3)[6]. CP 2 (1,2,3)[6] 
comes from the elliptic fiber of the K3 fiber. If the above condition for hav- 
ing elliptic fibration is sufficient, then we can conclude that the two kinds of 
elliptic fibrations coming from both sides of the direct product of the Borcea- 
Voisin construction are possible for Calabi-Yau 3-folds. One comes from the 
T 2 side and the other comes from the elliptic fibration of K3. However, this 



16 There are some softwares to get secondary polytopes. Unfortunately, even for K3 
cases, if p > 8, then they will not work unless one uses some symmetries. 

17 It may be possible to link the intersection number of the singularities and the secondary 
polytope by using |43fl. 
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will not be not sufficient condition for having elliptic fibration and needs 
farther conditions to be sufficent. T 2 =CIP 1 (1,2,3)[6] in Calabi-Yau 3-fold in 
case (2) does not satisfy the necessary condition of having elliptic liberation 
about canonical bundles which is quoted in the reference of J| [5 

-Kcy3 = ^*(K B + Y.iCtiEi) + error terms = (21) 

The dual polyhedron of table 8 leads to tit = 1 = h 1,l (B) — 1. This is not 
consistent with the above equation when we suppose that T 2 =CP 1 (1,2,3)[6] 
fibered with E 8 type degeneration and B=F based for case (2). 

The conclusion of the property of Calabi-Yau 3-folds by Borcea-Voisin 
methods is that they do not have the elliptic fibration coming from K3 fiber 
side. Even if they have them as fibers, then there may be no sections. There- 
fore, they cannot be represented in the Weierstrass form as the extension of 
this elliptic curve with the singularity. The degenerations of elliptic fibers of 
Calabi-Yau 3-folds do not relate to the degenerations of K3 fibers. 

For the dual polyhedron of Calabi-Yau 4-folds of in table 6 which con- 
structed by the method in appendix B. It has two dual sub polyhedra of 
K3 as two fibers. Table 9 and Table 10 are a polyhedron and a dual poly- 
hedron of Calabi-Yau 3-fold (1) constructed by K3=CP 3 (1, 1,4,6) [12] and 
T 2 =CP 2 (1,1,2)[12]. {x2, 23} and {24} may relate polyhedron and dual poly- 
hedron of three tori. 

18 We follow the notations of this reference [0 . 
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CP a (l,2,3)[6] 


CP a (l,l, 


2) [4] 


CP 3 (1,6,14,21)[42] 


CP 4 (21,21,2, 12, 2? 


J) [84] 


x 3 


£4 






£ 2 


x 3 


£4 


£1 




^3 


£4 
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-2 
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-2 
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-3 
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-2 
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-2 
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-1 


-2 


-3 


-2 


-3 







-2 


-3 








-2 


-3 


-1 


-2 







-1 


-2 








-1 


-2 


-1 


-1 







-1 


-1 








-1 


-1 





-1 





-1 








-1 











-1 






































1 





1 








1 











1 


1 










1 











1 









1 











1 










1 







1 












Table 8: Dual polyhedron of CY3-fold(2) and their sub dual polyhedra 
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CP=«(1,2,3)[6] 


CP a (l,l,2)[4] 


CP a (l,l,4,6)[42] 


CY3- 


fold(l) 








X4 


Xi 
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X\ 
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-1 


-1 
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-1 
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1 


2 


1 


-1 





1 


2 





1 
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1 


-1 


1 


-1 


1 


1 


-1 


1 


1 


-1 -1 



Table 9: a polyhedron of CY3-fold(l)= CP\\, 1, 2) x CP 3 (1, 1, 4, 6)/(-l) x a 
and their sub polyhedra 
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Table 10: a dual polyhedron of CY3-fold(l) and their sub dual polyhedra 



